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Abstract
The problem of determining the Tura´n number of C4 is a well studied problem that dates
back to a paper of Erdo˝s from 1938. It is known that Sidon sets can be used to construct
C4-free graphs. If A is a Sidon set in the abelian group X, the sum graph GX,A with
vertex set X and edges set E = {{x, y} : x 6= y, x+y ∈ A} is C4-free. Using the sum graph
of a Sidon set of type Singer we verify a conjecture of Erdo˝s and Simonovits concerning
the number of copies of C4 in a graph with ex(q
2 + q+ 1, C4) + 1 edges. Further, we give
a sufficient condition for the sum graph of a Sidon set to be C4-saturated and describe
new C4-saturated graphs.
Keywords: Cycle of length 4, Sidon set, Tura´n number, C4-Saturated, Polarity graph.
1 Introduction
In 1938, Erdo˝s asked how many edges a graph with n vertices without C4 may have. This
number is denoted by ex(n,C4) and is called the Tura´n number for C4. In general, for a graph
H the Tura´n number ex(n,H) is the maximmun number of edges that a graph on n vertices can
have without containing a copy of H. A graph on n vertices with ex(n,H) edges and does not
contain H as subgraph is called extremal. The problem of determining the number ex(n,H)
belongs to the field of extremal graph theory. It is known that ex(n,C4) ≤ 12n3/2 + o(n3/2), in
fact for some values of n the Tura´n number for C4 has been determined. For example, using
computer searches ex(n,C4) was calculated for n ≤ 21 by Clapham, Flockhart and Sheehan in
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[6] and it was extended for n ≤ 31 by Rowlinson and Yuansheng in [17]. Fu¨redi in [12] proved
that ex(q2 + q + 1, C4) ≥ 12q(q + 1)2 when q is a power of 2. On the other hand, Brown in
[4] and Erdo˝s, Re´nyi and So´s in [8] proved independently that ex(q2 + q + 1, C4) ≥ 12q(q + 1)2
where q is a prime power. They used the Erdo˝s-Re´nyi graphs ERq which are derived from
orthogonal polarity graphs of the projective plane PG(2, q). Later, Fu¨redi in [13] proved that
ex(q2 +q+1, C4) ≤ 12q(q+1)2 where q > 13 is a prime power and the equality is satisfied when
the graph is an orthogonal polarity graph of a projective plane of order q. This shows the exact
value for n = q2 + q + 1 with q > 13 a prime power. In [1], Abreu, Balbuena and Labbate,
by deleting carefully chosen vertices from the Erdo˝s-Re´nyi graph, exhibited lower bounds to
ex(n,C4) for certain values of n. For instance, they proved that
ex(q2 − q − 2, C4) ≥

(1
2
q − 1)(q2 − 1) if q is odd
1
2
q3 − q2 if q is even
where q is any prime power. Another result was established by Firke, Kosek, Nash and Williford
in [11], they proved that ex(q2+q, C4) ≤ 12q(q+1)2−q for even q. Recently, Tait and Timmons in
[22] improved the above lower bound given by Abreu, Balbuena and Labbate. They constructed
a C4-free graph Gq,θ with q
2− q− 2 vertices and at least 1
2
q3− q2−O(q3/4) edges, by removing
a particular subgraph from Gq,θ. In this case, Gq,θ is the sum graph associated to a Sidon
set of type Bose-Chowla. In the field of extremal graph theory there are still many problems
unsolved, for instance in [10], Erdo˝s and Simonovits conjectured that if G is any graph on n
vertices with ex(n,C4) + 1 edges, then G must contain at least n
1/2 + o(n1/2) copies of C4.
Theorem 1.1. Let (X,+) be a finite abelian group and A be a Sidon set in X with zero-
deficiency and |A| = √|X| − δ. If H is a graph obtained by adding an edge to the sum graph
GX,A then H contains at least
√|X|+ o(√|X|) copies of C4.
Results. Note that if the number of edges of the sum graph of Theorem 1.1 is ex(|X|, C4)
then the conjecture of Erdo˝s and Simonovits is verified. The unique known Sidon sets with
zero deficiency are the Sidon sets of type Singer, these sets verify the hypothesis of Theorem
1.1 and we prove that the number of edges of the sum graph of a Sidon set of type Singer is
ex(q2 + q + 1, C4) whenever that q > 13 is a prime power. Thus for these graphs we verify the
conjecture of Erdo˝s and Simonovits. On the other hand, a graph G is called H-saturated if G
does not contain a subgraph isomorphic to H but the addition of an edge joining any pair of
nonadjacent vertices of G completes a copy of H. We use Sidon sets (Singer, Ruzsa, cartesian
products) to construct C4-saturated graphs and for each sum graph we determine the number
of copies of C4 obtained by adding an edge to each graph. Finally, we find relations between
the maximality of a Sidon set and its corresponding graph associated.
Organization. This paper is divided in three sections, in Section 2 we include important
aspects of Sidon sets defined on additive abelian groups, for example we describe important
constructions of this kind of sets (Bose-Chowla, Singer, Ruzsa, etc), which we shall use to
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construct C4-saturated graphs. In Section 3, we prove important relations between the maxi-
mality of Sidon sets and C4-saturated graphs. In Subsection 3.1, we prove that the sum graph
associated to each Sidon set is C4-saturated and as a corollary of this results we prove that
this kind of graphs are C4-saturated if and only if the corresponding Sidon set is maximal.
Finally, in this subsection we prove Theorem 1.1 and with this theorem and the Sidon sets of
type Singer we give a family of graphs that verify the conjecture of Erdo˝s and Simonovits.
2 Sidon sets
Let X be an (additive) abelian group, a non empty subset A ⊂ X is a Sidon set in X if
a+ b = c+ d implies that {a, b} = {c, d}, (2.1)
for all a, b, c, d ∈ A. We say that a Sidon set A of an abelian group X is maximal if it is not
properly contained in another Sidon set in X. Sidon sets were considered in integers by Simon
Sidon in [19]. According to [9], Simon Sidon introduced Sidon sets to Erdo˝s in 1932 or 1933
and he was interested in how large a Sidon set A can be if A ⊂ {1, 2, . . . , n} = [1, n], in other
words Sidon wanted to determine the function
F2(n) = max{|A| : A is a Sidon set andA ⊂ [1, n]}.
It is known that F2(n) ∼
√
n. In order to obtain lower bounds of F2(n) it is necesary to
construct Sidon sets, similarly with the number ex(n,C4). For instance in the literature we
can find many constructions of Sidon sets as Bose-Chowla in [2], Singer in [20], Ruzsa in [18] or
constructions on cartesian products Fp×Fp,F+p ×F∗p and F∗p×F∗p in [5]. Today Sidon sets have
been applied to many areas as communications, fault-tolerant distributed computing, coding
theory, graph theory, see [3, 14, 15, 16].
As the equation 2.1 implies that a− d = c− b, the Sidon sets are defined as such sets with
the property that all non-zero differences of elements of that set are different. By counting the
number of differences a− b, we can see that if A is a Sidon set in X, then |A| <√|X|+ 1/2.
The most interesting Sidon sets are those which have large cardinality, that is, |A| = √|X|− δ
where δ is a small number.
If A is a finite Sidon set in an abelian group (X,+), then the difference set is defined as
usual; i.e.,
A−A := {a− b : a, b ∈ A}.
Note that if |A| = k then |A 	 A| = 2
(
k
2
)
where A	A = (A−A)\{0}.
Moreover, if X is finite we define the deficiency of the set A denoted by d(A) as the cardinal
of the set X\A −A, this is, d(A) := |X| − |A −A|. Therefore if d(A) = 0 then A−A = X.
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The following constructions of Sidon sets and their respective lemmas can be found in [5, 23],
these lemmas will be fundamental in the proof of Theorem 3.4. We present the proofs of the
lemmas for completeness. We know that the Sidon sets of the Constructions 2.1 to 2.5 have
maximal cardinality in their ambient group X and that the cardinal of a Sidon set in each of
these constructions (including Construction 2.6) is
√|X| − δ for some δ ≤ 1.
Construction 2.1. (Bose-Chowla) Let q be a prime power, h ≥ 2 be a integer, (Fq,+, ·)
be the finite field with q elements and θ a primitive element of Fqh . The set,
B := logθ(θ + Fq) := {logθ(θ + a) : a ∈ Fq},
is a Sidon set in (Zqh−1,+), with q elements.
Lemma 2.1. If B is a Sidon set of type Bose-Chowla in (Zq2−1,+) then
B 	 B = Zq2−1\Mq+1, where Mq+1 = {x ∈ Zq2−1 : x ≡ 0 mod (q + 1)}.
Proof. Since that B is a Sidon set and |B| = q then |B 	 B| = 2
(
q
2
)
= q(q − 1) = q2 − q.
Morevover, as (B	B)∩Mq+1 = ∅ then |Zq2−1|−|Mq+1| = q2−1−(q−1) = q2−q = |B	B|.
Construction 2.2. (Singer) Let B be a Sidon set of type Bose-Chowla in Zq3−1 and
S := B mod (q2 + q + 1). Then S0 = S ∪ {0} is a Sidon set in Zq2+q+1 with q + 1 elements.
Remark 2.1. In the above theorem S is a Sidon set in Zq2+q+1 with q elements. Therefore
|S 	 S| = 2
(
q
2
)
.
Lemma 2.2. S0 	 S0 = Zq2+q+1\{0}.
Proof. Since |S 	 S| = q2− q, |S| = | − S| = q, the sets S −S,S,−S are pairwise disjoint and
S0 	 S0 = (S − S) ∪ S ∪ (−S) then,
|S0 	 S0| = |(S 	 S) ∪ S ∪ (−S)|,
= |(S 	 S)|+ |S|+ |(−S)|,
= (q2 − q) + q + q,
= q2 + q,
= |Zq2+q+1\{0}|,
therefore, S0 	 S0 = Zq2+q+1\{0}.
Construction 2.3. (Ruzsa) If θ is a primitive element of the finite field Zp then,
R := {x ≡ ip− θi(p− 1)(modp2 − p) : 1 ≤ i ≤ p− 1},
is a Sidon set in Zp2−p with p− 1 elements.
Lemma 2.3. R	R = Zp2−p\(Mp ∪Mp−1), where Mi = {x ∈ Zp2−p : x ≡ 0(mod i)}.
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Proof. Note that |Mp| = p− 1, |Mp−1| = p and Mp ∩Mp−1 = {p(p− 1)} because Mp and Mp−1
are subsets of Zp2−p. The above implies that,
|Mp ∪Mp−1| = |Mp|+ |Mp−1| − |Mp ∩Mp−1| = 2(p− 1).
On the other hand, since (R	R) ∩Mi = ∅ then
(R	R) ∩ (Mp ∪Mp−1) = ∅.
Now as |R 	R| = 2
(
p− 1
2
)
= p2 − 3p+ 2 = p2 − p− 2(p− 1) and R	R ⊆ Zp2−p then
R	R = Zp2−p\(Mp ∪Mp−1).
Let (Fp,+) be the finite field with p elements and (F∗p, ·) its multiplicative group.
Construction 2.4. (Cartesian Product 1) If p is an odd prime, then C := {(a, a2) : a ∈ Fp}
is a Sidon set in (Fp,+)× (Fp,+) with p elements.
Lemma 2.4. C 	 C = Fp × Fp\{(0, z) : z ∈ Fp}.
Proof. Indeed,
C 	 C = {(x, x2)− (y, y2) : x, y ∈ Fp, (x, x2) 6= (y, y2)},
= {(x− y, x2 − y2) : x, y ∈ Fp, (x, x2) 6= (y, y2)}.
If (0, z) ∈ C 	 C then (0, z) = (x − y, x2 − y2), for some x, y and z in Fp, so (x, x2) = (y, y2).
Therefore the elements (0, z), with z ∈ Fp do not belong to C 	 C.
To see that the set {(0, z) : z ∈ Fp} contains all the elements that do not belong to C 	 C,
we do a count.
Since |Fp × Fp| = p2, |C| = p, |{(0, z) : z ∈ Fp}| = p and C is a Sidon set,
|C 	 C| = 2
(
p
2
)
= p2 − p.
This completes the proof.
Construction 2.5. (Cartesian Product 2) If p is an odd prime, then I := {(a, a) : a ∈ F∗p}
is a Sidon set in (Fp,+)× (F∗p, ·) with p− 1 elements.
We denote the operation of the group (Fp,+)× (F∗p, ·) by ?.
Lemma 2.5. If A1 = {(0, z) : z ∈ F∗p} and A2 = {(z, 1) : z ∈ F∗p} then
I 	 I = Fp × F∗p\(A1 ∪ A2).
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Proof. Indeed,
I 	 I = {(a, a) ? (b, b)−1 : a, b ∈ F∗p, (a, a) 6= (b, b)},
= {(a− b, ab−1) : a, b ∈ F∗p, (a, a) 6= (b, b)}.
Since (a, a) 6= (b, b), the elements of the difference set never have 0 in the first component, so
(a− b, ab−1) 6= (0, z), for all z ∈ F∗p. On the other hand, since a 6= b and b ∈ F∗p then ab−1 6= 1
and hence the elements of the form (z, 1), z ∈ F∗p do not belong to the difference set.
To conclude the proof, note that |Fp × F∗p| = p(p− 1), |I| = p− 1, |A1| = |A2| = p− 1 and
|A1 ∪ A2| = 2(p− 1) since A1 ∩ A2 = ∅. Therefore,
|I 	 I| = 2
(
p− 1
2
)
= p2 − 3p+ 2,
= p(p− 1)− 2(p− 1).
Construction 2.6. (Cartesian Product 3) If p is an odd prime and α is an element in F∗p
then Iα := {(a− α, a) : a ∈ F∗p, a 6= α} is a Sidon set in (F∗p, ·)× (F∗p, ·) with p− 2 elements.
Lemma 2.6. If A1 = {(1, z) : z ∈ F∗p}, A2 = {(z, 1) : z ∈ F∗p} and A3 = {(z, z) : z ∈ F∗p} then
Iα 	 Iα = F∗p × F∗p\(A1 ∪ A2 ∪ A3).
Proof. Indeed,
Iα 	 Iα = {((a− α)(b− α)−1, ab−1) : a, b, α ∈ F∗p, a 6= α 6= b, (a− α, a) 6= (b− α, b)}.
Note that (a− α, a) 6= (b− α, b) implies that a 6= b. Therefore ab−1 6= 1 because b 6= 0 and
(a− α)(b− α)−1 6= 1 since b− α 6= 0. Hence, the elements of the form (1, z) with z ∈ F∗p and
the elements (z, 1), z ∈ F∗p do not belong to Iα 	 Iα.
Other elements that are not in Iα 	 Iα are of the form (z, z) with z ∈ F∗p. To see this,
suppose that,
((a− α)(b− α)−1, ab−1) = (z, z),
for some z ∈ F∗p. Now,
a− α = ab−1(b− α),
= a− ab−1α.
Therefore, (ab−1 − 1)α = 0, which is not possible.
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As |F∗p × F∗p| = (p− 1)2, |Iα| = p− 2 and |A1 ∪ A2 ∪ A3| = 3(p− 1)− 2 since |A1| = |A2| =
|A3| = p− 1 and A1 ∩ A2 = A1 ∩ A3 = A2 ∩ A3 = A1 ∩ A2 ∩ A3 = {(1, 1)} then,
|Iα 	 Iα| = 2
(
p− 2
2
)
,
= p2 − 5p+ 6,
= p2 − 2p+ 1− 3p+ 3 + 2,
= (p− 1)2 − (3(p− 1)− 2).
This completes the proof.
In the following table we present the deficiency of the previous Sidon sets. Note that the
unique Sidon sets with zero deficiency are the Sidon sets of type Singer. Remember that q is
a prime power and p is an odd prime.
X |X| A |A| |A − A| d(A) = |X| − |A −A|
Zq2+q+1 q2 + q + 1 S0 q + 1 q2 + q + 1 0
Zq2−1 q2 − 1 B q q2 − q + 1 q − 2
Zp2−p p2 − p R p− 1 p2 − 3p+ 3 2p− 3
(Fp,+)× (Fp,+) p2 C p p2 − p+ 1 p− 1
(Fp,+)× (F∗p, ·) p2 − p I p− 1 p2 − 3p+ 3 2p− 3
(F∗p, ·)× (F∗p, ·) (p− 2)2 Iα p− 2 p2 − 5p+ 7 3p− 6
3 C4-saturated Graphs on Sidon sets
General Properties
Definition 3.1. Let X be an (additive) abelian group and A a subset of X, the sum graph
GX,A = (V,E) is formed by V = X and {x, y} ∈ E if x + y ∈ A with x 6= y. A vertex z is
called absolute if z + z ∈ A, let P be the set of all absolute vertices.
It is known that if A is a Sidon set in X, the sum graph GX,A is C4-free, to see this let
(x0, x1, x2, x3) be a C4 in GX,A (see Figure 1 ), then x0 + x1 = a1, x1 + x2 = a2, x2 + x3 = a3
and x3 + x0 = a4 where a1, a2, a3, a4 ∈ A. Hence,
(x0 + x1) + (x2 + x3) = a1 + a3 = a2 + a4 = (x1 + x2) + (x3 + x0)
Thus, {a1, a3} = {a2, a4}. If a1 = a2 or a1 = a4 then x0 = x2 or x1 = x3.
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a4
x3x0
a1
x2x1
a2
a3
Figure 1: Cycle C4 in GX,A
Proposition 3.1. Let X be an (additive) finite abelian group and A be a subset of X.
If GX,A = (V,E) is the sum graph of A then
2|E| = |X||A| − |P |
Proof. Let x be a vertex, then deg(x)=|A|-1 if x ∈ P or deg(x)=|A| in other case. Therefore,
2|E| =
∑
x∈P
deg(x) +
∑
x/∈P
deg(x) = (|A| − 1)|P |+ (|X| − |P |)|A| = |X||A| − |P |
Definition 3.2. Let X be an (additive) abelian group and A be a Sidon set in X. For each
z ∈ X\A let
T (z) := {(a1, a2, a3) ∈ A3 : z = a1 − a2 + a3}.
Note that if (a1, a2, a3) ∈ T (z) then a1 6= a2 and a2 6= a3. Moreover, two distinct tuples
in T (z) have their first or third coordinate different. Indeed, if (a1, a2, a3), (a1, a4, a5) ∈ T (z)
then a1 − a2 + a3 = a1 − a4 + a5, so a3 + a4 = a5 + a2, thus a2 = a4 and a3 = a5 since A is a
Sidon set in X and a2 6= a3. A similar argument applies to the third coordinate of each two
such tuples.
On the other hand, if x, y ∈ X are distinct elements such that x + y /∈ A then every tuple
(a1, a2, a3) ∈ T (x + y) generate a path of length at most 3 where the vertices are given by
xi−1 + xi = ai with x0 = x and x3 = y. In the Figure 2 is shown the different cases.
yx
a3 − ya1 − x
(a)
yx = a1 − x
a3 − y
(b)
y = a3 − yx
a1 − x
(c)
yx
a1 − x = a3 − y
(d)
Figure 2: Paths for a tuple in T (x+ y)
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Lemma 3.1. Let X be an (additive) abelian group, A be a Sidon set in X and x, y be two
different elements in X. If x+ y /∈ A and T (x+ y) is non empty then there exist at most one
tuple (a1, a2, a3) ∈ T (x+ y) which satisfies x = a1 − x or y = a3 − y or a1 − x = a3 − y.
Proof. Let (a1, a2, a3), (a4, a5, a6) be two distinct tuples in T (x+ y).
Case 1. If x = a1 − x and x = a4 − x, then a1 = a4, which is not possible.
Case 2. If y = a3 − y and x = a6 − y, then a3 = a6, which is not possible.
Case 3. If a1−x = a3−y and a4−x = a6−y then a4−a1+a3−y = a6−y, so a4+a3 = a6+a1.
As A is a Sidon set and the two tuples are distinct then a1 = a3 and a4 = a6. This last implies
that a1 − x = a1 − y and therefore x = y, which is a contradiction.
Lemma 3.2. If A is a finite Sidon set in the abelian group (X,+) then 0 ≤ |T (z)| ≤ |A| for
all z ∈ X\A.
Proof. Suppose that A = {a1, a2, · · · , ak} and z ∈ X\A. If z − ai /∈ A 	 A for all i, then
|T (z)| = 0. Now, If z − ai ∈ A	A for 1 < i < k then 0 < |T (z)| < |A| and if z − ai ∈ A	A
for all i then there are two unique (uniqueness is because A is a Sidon set) aj, ak ∈ A such
taht z − ai = aj − ak, this is, z = ai − ak + aj. The above implies that each ai produces a
different tuple. As there are |A| choices for ai then |T (z)| = |A|. Therefore 0 ≤ |T (z)| ≤ |A|
for all z ∈ X\A.
Note the following relationship between d(A) and T (z) when A is a Sidon set in the finite
abelian group (X,+).
a.) d(A) = |X| if and only if |T (z)| = 0,
b.) 0 < d(A) < |X| if and only if 0 < |T (z)| < |A|,
c.) d(A) = 0 if and only if |T (z)| = |A|.
Theorem 3.1. Let X be an (additive) abelian group and A be a finite Sidon set in X. If for
all z ∈ X\A, |T (z)| ≥ 4 then GX,A is C4-saturated.
Proof. Let x, y be different elements in X such that x+y /∈ A and m = |T (x+y)|. By Lemma
3.1 there are at least m− 3 tuples (a1, a2, a3) in T (x+ y) such that x 6= a1− x, y 6= a3− y and
a1 − x 6= a3 − y, i.e. that these tuples do not generate the paths (b), (c) and (d) of Figure 2
but if the path (a) of Figure 2. Thus there are at least m− 3 paths of length three between x
and y. So adding the edge xy gives a 4-cycle. Therefore GX,A is C4-saturated.
Remark 3.1. Under the assumptions of Theorem 3.1, if H is a graph obtained by adding an
edge to GX,A then H contains at least |T (z)| − 3 copies of C4.
Proposition 3.2. Let X be an (additive) abelian group and A be a Sidon set in X. If for all
z ∈ X\A, T (z) 6= ∅ then A is maximal.
Proof. By contradiction suppose A is not maximal. Then there exists z ∈ X\A such that
A′ = A∪{z} is a Sidon set in X. If there exists (a1, a2, a3) ∈ A3 such that z = a1−a2+a3 then
{z, a2} = {a1, a3} since A′ is a Sidon set. This implies that z ∈ A which is a contradiction.
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Theorem 3.2. Let X be an (additive) abelian group and A be a Sidon set in X. If GX,A is
C4-saturated then A is maximal.
Proof. By contradiction suppose A is not maximal. Then there exists z ∈ X\A such that
A′ = A ∪ {z} is a Sidon set in X, which implies that GX,A is C4-free. On the other hand,
|{(x, y) ∈ X ×X : x+ y = z}| ≥ 1
thus, E(GX,A) ⊂ E(GX,A′) and so GX,A is not C4-saturated.
3.1 Sum Graph of Sidon Set
In this section we study the sum graph associated to some constructions of Sidon sets, which
are C4-saturated. First we consider a Singer Sidon set S0, which is a subset of the additive
abelian group X = Zq2+q+1 where q is prime power with |S0| = q + 1.
Lemma 3.3. If P is the set of absolute vertices of GX,S0 then |P | = q + 1.
Proof. Since q2 + q + 1 is odd, for each a ∈ S0 the equation x + x ≡ a mod (q2 + q + 1) has
unique solution. Then |P | = q + 1.
Theorem 3.3. The number of edges in GX,S0 is
1
2
q(q + 1)2.
Proof. By Proposition 3.1 and Lemma 3.3
|E| = 1
2
[(q2 + q + 1)(q + 1)− (q + 1)] = 1
2
(q + 1)(q2 + q) = 1
2
q(q + 1)2
Corollary 3.1. For each prime power q > 13, ex(q2 + q + 1, C4) =
1
2
q(q + 1)2.
Proof. Theorem 3.3 implies that ex(q2 + q + 1, C4) ≥ 12q(q + 1)2. On the other hand, by
Theorem 1 de [13], ex(q2 + q + 1, C4) ≤ 12q(q + 1)2.
Remark 3.2. In [21] it is established that ex(q2 +q, C4) ≥ 12q(q+1)2−q if q is a power of two.
This bound can be obtained by removing a vertex of degree q of the sum graph of a Sidon set
of type Singer, if q is a power of two. In [11] it is established that when q is a power of two,
the free graphs of C4 with q
2 + q vertices and 1
2
q(q+ 1)2− q edges are obtained by eliminating
a vertex of degree q from an orthogonal polarity graph.
In the following table we present similar results that we obtained for the Sidon sets B,R, I
and Iα. In this table n is the cardinal of the ambient group of each of the Sidon sets, |P | is the
cardinal of the set of absolute points, |E| is the number of edges of the sum graph associated
with the Sidon set. In the case of a Sidon set of type Bose-Chowla the number of absolute
points is q when q is an even prime power and q − 1 when q is an odd prime power. In the
other cases, p is an odd prime.
10
|P | |E| ≤ ex(n,C4)
B q q3−2q
2
≤ ex(q2 − 1, C4)
B q − 1 q3−2q+1
2
≤ ex(q2 − 1, C4)
R p− 1 p3−2p2+1
2
≤ ex(p2 − p, C4)
C p p3−p
2
≤ ex(p2, C4)
I p− 1 p3−2p2+1
2
≤ ex(p2 − p, C4)
Ia p− 4− (−1) p−12 p3−4p2+4p+2+(−1)
p−1
2
2
≤ ex((p− 1)2, C4)
Lemma 3.4. Let X be an (additive) abelian group and A be a Sidon set in X. For each
z ∈ X\A
(i) |T (z)| ≥ q − 1 if X = Zq2−1 and A = B. (iv) |T (z)| ≥ p− 1 if X = Fp × Fp and A = C.
(ii) |T (z)| = q + 1 if X = Zq2+q+1 and A = S0. (v) |T (z)| ≥ p− 3 if X = Fp × F∗p and A = I.
(iii) |T (z)| ≥ p− 3 if X = Zp2−p and A = R. (vi) |T (z)| ≥ p− 5 if X = F∗p × F∗p and A = Iα.
Proof. (i) Suppose that B = {a1, a2, · · · , aq}. Let z be an element in Zq2−1\B, then by
Lemma 2.1 there exists at most one element a1 ∈ B such that z − a1 ∈ Mq−1. This
implies that z − ai ∈ B 	 B for all 2 ≤ i ≤ q, as |B| = q then q − 1 ≤ |T (z)| ≤ q.
(ii) Let z be an element in Zq2+q+1\S0, by Lemma 2.2 z − a ∈ S0 	 S0 for all a ∈ S0, as
|S0| = q + 1 then |T (z)| = q + 1.
(iii) Suppose that R = {a1, a2, · · · , ap−1}. Let z be an element in Zp2−p\R, then by Lemma
2.3 there exists at most one element a1 ∈ R such that z− a1 ∈Mp, similarly there exists
at most one element a2 ∈ R such that z− a2 ∈Mp−1. This implies that z− ai ∈ R	R,
for all 3 ≤ i ≤ p − 1. In addition, note that there exists a unique pair bi, ci ∈ R such
that such that z − ai = ci − bi. Therefore, p− 3 ≤ |T (z)| ≤ p− 1.
(iv) Suppose that C = {(a0, a20), (a1, a21), · · · , (ap−1, a2p−1)}. If (x, y) ∈ Fp × Fp\C, then by
Lemma 2.4 (x, y)− (ak, a2k) ∈ C 	 C, 0 ≤ k ≤ p− 1, unless x− ak ≡ 0 mod p, that is, if
x = ak for some k. Without loss of generality suppose that x = a0. So, (x, y)− (ak, a2k) ∈
C 	 C, for all 1 ≤ k ≤ p− 1. Therefore, p− 1 ≤ |T (z)| ≤ p.
(v) Let (x, y) ∈ Fp×F∗p\I and (a, a) ∈ I. Note that by Lemma 2.5 (x, y)? (a, a)−1 ∈ I 	I
unless,
(x− a, ya−1) = (0, t), t ∈ F∗p or (x− a, ya−1) = (s, 1), s ∈ F∗p.
The first occurs only if x = a, so there are p − 2 choices for a because a ∈ F∗p. The
second occurs if ya−1 = 1, that is, if y = a, hence there are p − 3 choices for a which
11
guarantee that (x, y) ? (a, a)−1 ∈ I 	 I, so there are unique (b, b), (c, c) ∈ I such that
(x, y) ? (a, a)−1 = (c, c) ? (b, b)−1. In this case there are at least p− 3 tuples that satisfy
the requirement. Thus, |p− 3 ≤ |T (z)| ≤ p− 1|
(vi) Let (x, y) ∈ X\Iα and (a−α, a) ∈ Iα. By Lemma 2.6 (x, y)(a−α, a)−1 ∈ Iα	Iα, unless,
(x, y)(a− α, a)−1 = (1, z), z ∈ F∗p,
(x, y)(a− α, a)−1 = (s, 1), s ∈ F∗p, or
(x, y)(a− α, a)−1 = (t, t), t ∈ F∗p;
that is, if x ≡ (a−α) mod p, y ≡ a mod p or xy−1 ≡ (1−a−1α) mod p. These congruences
have a unique solution. From the above and the fact that |Iα| = p−2 it follows that there
are at least p− 5 elements (a− α, a) in Iα with (x, y)(a− α, a)−1 ∈ Iα 	 Iα. Therefore,
p− 5 ≤ |T (z)| ≤ p− 2.
According to Theorem 3.1 if we prove the existence of at least 4 tuples in T (z) for any
z ∈ X\A then the corresponding sum graph GX,A is C4-saturated. Then Lemma 3.4 implies
the following theorem.
Theorem 3.4. In each of the following cases the sum graph GX,A is C4-saturated
(i) X = Zq2−1 and A = B. (iv) X = Fp × Fp and A = C.
(ii) X = Zq2+q+1 and A = S0. (v) X = Fp × F∗p and A = I.
(iii) X = Zp2−p and A = R. (vi) X = F∗p × F∗p and A = Iα.
Corollary 3.2. For each Sidon set A of type Bose-Chowla, Singer, Ruzsa, Cartesian Product
1,2 and 3. GX,A is C4-saturated if and only if A is maximal.
Proof. Theorem 3.2 proves that if GX,A is C4-saturated then A is maximal. In the other case,
consider z an element in the corresponding group such that z /∈ A. Then Lemma 3.4 implies
that there exists a tuple in T (2z − z) such that generates a path of length 3 between 2z and
−z in GX,A, therefore GX,A is C4-saturated.
Proof of Theorem 1.1. As d(A) = 0 then A−A = X, this implies that if z ∈ X\A then
z − a ∈ A 	 A for all a ∈ A. Thus |T (z)| = |A| = √|X| − δ and by Remark 3.1 if H is a
graph obtained by adding an edge to GX,A then H contains at least |T (z)| − 3 =
√|X| − δ− 3
copies of C4. 
Example 3.1. Let q be a prime power and X = Zq2+q+1. By Lemma 2.2 d(S0) = 0 and by
Lemma 3.4 |T (z)| = q+ 1 for all z ∈ X\S0. Thus by Theorem 1.1 if H is a graph obtained by
adding an edge to the sum graph GX,S0 then H contains at least |T (z)|−3 = (q+1)−3 = q−2
copies of C4, this is, H contains at least
√|X|+ o(√|X|) copies of C4. On the other hand, by
Theorem 3.3 the number of edges of the graph GX,S0 is ex(q
2 +q+1, C4). Hence the conjecture
of Erdo˝s and Simonovits is satisfied in GX,S0 .
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Corollary 3.3. Let A be a Sidon set of type Bose-Chowla, Singer, Ruzsa, Cartesian Product
1,2 and 3. If H is a graph obtained by adding an edge to GX,A then H contains at least
(i) q − 4 copies of C4 if A = B. (iv) p− 6 copies of C4 if A = I.
(ii) p− 6 copies of C4 if A = R. (v) p− 8 copies of C4 if A = Iα.
(iii) p− 4 copies of C4 if A = C.
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